method a r e presented t h a t make use of t h e e i g e n f u n c t i o n s o l u t i o n s of t h e i s ol a t e d r o t o r and s t a t o r t o solve f o r the r o t o r -s t a t o r i n t e r a c t i o n problem. The n e t pressure d i s t r i b u t i o n on t h e r o t o r and s t a t o r blades i s represented by modi f i e d
Birnbaum series, whose c o e f f i c i e n t s a r e determined using a m a t r i x procedure and s a t i s f y i n g the boundary conditions on t h e surface o f the blades. The r e l a t i o n between the m a t r i x operators o f t h e r e c u r s i v e and t h e d i r e c t methods i s a l s o shown. a x i a l and t a n g e n t i a l forces on t h e blade, t h e r o t o r power required, and the induced upwash v e l o c i t y o f the stage. 
PJ t a

The performance e s t i m a t i o n o f a turbomachine stage r e q u i r e s the aerodynamlc c h a r a c t e r i s t i c s o f the r o t o r and t h e s t a t o r i n c l u d i n g t h e i r mutual I n t e r a c t i o n . l h e purpose o f t h l s paper i s t o discuss t h e aerodynamics o f a r o t o r -s t a t o r combination i n a turbomachine. l h e spacing between the adjacent blade rows o f a turbomachine i s generally small compared t o t h e blade chord.
Hence, t h e aerodynamic i n t e r f e r e n c e between t h e r o t o r and s t a t o r blade rows may be expected t o be s i g n i f i c a n t and needs t o be included f o r an accurate a n a l y s i s o f the stage aerodynamic behavior. E x i s t l n g t h e o r i e s l i k e those o f McCune ( r e f . l ) , Namba ( r e f . 2 ) . Schulten ( r e f . 3) and others consider o n l y a s i n g l e annular row o f blades w h i l e o t h e r theories l i k e t h a t o f Kaj1 and Okazaki ( r e f . 4) consider two adjacent two-dimensional i n f i n i t e cascades. Hence, a method i s r e q u i r e d f o r c a l c u l a t i n g the aerodynamic f l o w f i e l d due t o t h e t h e simultaneous presence o f two rows o f c l o s e l y spaced annular cascades and I s o u t l i n e d i n the f o l l o w i n g .
Since the chordwlse and r a d i a l pressure d i s t r i b u t i o n on the r o t o r and s t a t o r blades can be represented by a Birnbaum series, the h e a r t o f t h e l i f t i n g surface method i s the determination o f t h e c o e f f i c i e n t s o f these s e r i e s . I n reference 5, these c o e f f i c i e n t s were determined d i r e c t l y by s a t i s f y i n g f l o w tangency c o n d i t i o n s on t h e upper and lower surfaces o f t h e r o t o r and s t a t o r blades simultaneously. blade l o a d i n g and the d i s c r e t e frequency n o i s e f i e l d a t t h e o p e r a t i n g p o i n t . I t was p o s s i b l e t o o b t a i n t h e parameters governing the
I n t h e f o l l o w i n g , a r e c u r s i v e scheme f o r determining t h e f l o w f i e l d by combining t h e solutions o f t h e i s o l a t e d r o t o r and s t a t o r w i l l be o u t l i n e d . Consequently, t h e procedure f o r c a l c u l a t i n g t h e o f f -d e s i g n performance o f a given r o t o r -s t a t o r combination i s g r e a t l y s i m p l i f i e d . The r e c u r s i v e procedure described here enables one t o determine t h e Birnbaum c o e f f i c i e n t s o f t h e r o t o rs t a t o r combination t o any desired order o f approximation. I t i s p o s s i b l e t o estimate t h e aerodynamic i n t e r f e r e n c e between t h e two blade rows by t h i s procedure.
A simple and d i r e c t method which solves f o r t h e f l o w f i e l d o f t h e r o t o r and s t a t o r simultaneously i s a l s o i n d i c a t e d .
I n s e c t i o n 2, a b r i e f o u t l i n e o f t h e r e s u l t s o f t h e a c c e l e r a t i o n p o t e n t i a l method f o r d e a l i n g w i t h t h e r o t o r -s t a t o r problem i s given. basic s o l u t i o n s t o the r o t o r and s t a t o r a r e obtained by s o l v i n g a nonhomogeneous problem g i v i n g t h e pressure d i s t r i b u t i o n over t h e r e s p e c t i v e blades i g n o r i n g aerodynamic i n t e r f e r e n c e e f f e c t s . These basic c o e f f i c i e n t s a r e modif i e d t o c o r r e c t f o r t h e i n t e r f e r e n c e e f f e c t s i t e r a t i v e l y . The recurrence procedure used t o c a l c u l a t e t h e Birnbaum s e r i e s c o e f f i c i e n t s by s a t i s f y i n g t h e surface boundary conditions on t h e blades i s discussed i n s e c t i o n 3 which a l s o contains a d i r e c t method f o r the same purpose. The e s t i m a t i o n o f t h e r o t o rs t a t o r aerodynamic i n t e r f e r e n c e i s contained i n s e c t i o n 4. I n s e c t i o n 5, a d i scussion o f the equations f o r o b t a i n i n g t h e c i r c u l a t i o n d i s t r i b u t i o n over t h e blades, t h e a x i a l and t a n g e n t i a l forces and t h e i r d i s t r i b u t i o n , t h e s h a f t power absorbed by t h e r o t o r and the upwash f i e l d o f t h e stage.
I n s e c t i o n 3, t h e 2. EIGENFUNClIONS OF THE R O I O R AND STATOR I n t h i s section, a b r i e f procedure f o r o b t a i n i n g t h e f l o w f i e l d o f t h e r o t o r and s t a t o r using a d i s t r i b u t i o n o f a c o u s t i c monopole and d i p o l e f ow s i ng u l a r i t i e s on t h e blade surface i s o u t l i n e d . The r o t o r and s t a t o r w i t h T r and Ys blades, respectively, a r e considered t o be s i t u a t e d i n an unsteady, i n v i s c i d compressible f l o w f i e l d w i t h the r o t o r placed upstream of t h e s t a t o r . The incoming flows f o r the r o t o r and s t a t o r a r e assumed t o vary harmonically w i t h t h e r e s p e c t i v e frequencies or and os. The p e r t u r b a t i o n s produced by t h e stage a r e considered t o be small compared w i t h t h e mean f l o w Wa t h e l i n e a r i z e d equations o f motion i n t h r e e dimensions may be used t o represent t h e r o t o r and s t a t o r blades u s i n g s u i t a b l e acoustic s i n g u l a r i t i e s . A c o o r d i n a t e system r o t a t i n g w i t h t h e r o t o r blades i s chosen w i t h respect t o which t h e f r e e stream has t h e mean v e l o c i t y components so t h a t i n the c y l i n d r i c a l coordinate system. The a x i a l v e l o c i t y Wa 1s assumed t o be constant through the stage. R e l a t i v e t o the r o t a t i n g c o o r d i n a t e system fixed to the rotor, mately to the value obtained from the stage velocity diagram and has the components the inlet condition to the stator corresponds approxiSince the chordwise and radial pressure distribution on the rotor and the stator blades is represented by a Blrnbaum series, the heart of the lifting surface method is the determination of the coefficients of this series. In an earlier paper, the linearized aerodynamics of the combined rotor-stator system of an axial turbomachine for a uniform free stream using an acceleration potential representation was determined directly. The radial and chordwise distribution of pressure on a blade of the rotor and the stator i s assumed to be given by the Glauert-Blrnbaum series modulated radially by the corresponding radial eigenfunction. The Birnbaum N series coefficients are assumed to be independent of the elgen-numbers a , k, a . Assuming that the thickness and camber effects are linearly superposable within the limits of the linear theory used here, the net pressure distribution on the rotor and stator blades can be written as
The pressure field Pr of the rotor has been 4 These a r e w r i t t e n i n t h e m a t r i x form where n , d , A f denote t h e vectors -) -n = (cot t , s i n Z, s i n 2~, ..., s i n mo, ... 
The s u p e r s c r i p t T i n d i c a t e s the transpose o f t h e m a t r i x and I s t h e G l a u e r t angle parameter f o r t h e chordwise p o s l t i o n system shown i n ( f i g . 1). The coordinates Y r and ys o f t h e r o t o r and s t a t o r a r e defined by
I n order t o s a t i s f y the boundary c o n d i t i o n s on t h e blade surfaces, i t i s
necessary t o c a l c u l a t e the r e s u l t a n t v e l o c i t y a t a p o l n t on t h e blade surface.
This i s done by using t h e unsteady equation o f motion i n a h e l i c a l c o o r d i n a t e system ( f i g . 2) and i n t e g r a t i n g t h e p e r t u r b a t i o n pressure along t h e undisturbed s t r e a m l i n e d i r e c t i o n ( r e f . 2) assuming t h a t t h e pressure and t h e associated
v e l o c l t i e s a l s o vary harmonlcally i n tlme.
THE BASIC SOLUTION
The Birnbaum c o e f f i c i e n t vectors introduced i n s e c t i o n 2 a r e unknown and have t o be determined by s a t i s f y i n g t h e a p p r o p r i a t e c o n d i t i o n s on t h e blade surfaces. The procedure f o r c a l c u l a t i n g t h e r e s u l t a n t v e l o c i t y a t any p o i n t i n t h e f l o w f i e l d of the r o t o r and s t a t o r i s described i n t h i s s e c t i o n . From t h i s t h e blade surface c o n d i t i o n s can be obtained. We s h a l l denote a d o ) and d o )
t o be t h e basic Birnbaum c o e f f i c i e n t vectors of t h e i s o l a t e d r o t o r and s t a t o r , so t h a t mutual i n t e r f e r e n c e e f f e c t s a r e absent. I n subsonic flow, these coeff i c i e n t s w i l l be perturbed by aerodynamic i n t e r f e r e n c e e f f e c t s when t h e r o t o r and s t a t o r a r e juxtaposed t o form a stage. The r e s u l t i n g Birnbaum c o e f f i c i e n t s o f r o t o r -s t a t o r combination w i l l be denoted by a t and a . The 
b a s i c c o e f f ic i e n t s d o )
a r e determlned by s a t i s f y i n g t h e surface boundary con-
d i t i o n s on t h e r o t o r and s t a t o r blades. As t h e s t a t o r approaches t h e r o t o r , the induced v e l o c i t y due t o t h e s t a t o r d i s t u r b s t h e surface boundary c o n d i t i o n s on t h e r o t o r . and d o )
Hence, t h e r o t o r Birnbaum c o e f f i c i e n t s d o ) must be changed t o s a t i s f y t h e surface conditions again.
c i e n t s @(o)
Likewise, t h e s t a t o r Birnbaum c o e f f imust be changed due t o t h e r o t o r i n t e r f e r e n c e f i e l d . where s t and Q are t h e vectors o f Birnbaum c o e f f i c i e n t s and t h e f u n c t i o n s ' X i , X2, X3, Y l , Y2, Y3 are l i s t e d below.
When t h e r o t o r and s t a t o r blades a r e kept i n i s o l a t i o n , t h e r e s u l t a n t v e l o c i t y d~ and 8s a t t h e blade surface can w r i t t e n i n t h e r e s p e c t i v
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The functions F1, 9 2 , F 3 , F 4 , Fs, f6. K r , Ks a r e d e f i n e d i n t h e Append i x . F i g u r e A1 shows t h e angles qr, c p r f o r t h e r o t o r and l j k e w i s e V S , cps on t h e s t a t o r . If R i ( r i , el, z i ) and S i ( r i , el, z Denoting by 9 ' ' = Ot and 9' = 0-,
i ) denote t h e vector p o s it i o n s of a s e t of p o i n t s on t h e r o t o r and s t a t o r , t h e r e s p e c t i v e Birnbaum coeff i c i e n t s a r e determined by s a t i s f y i n g t h e boundary c o n d i t i o n s a t these p o i n t s on b o t h t h e upper
the upper and lower surface chord lines; t h e boundary c o n d i t i o n s f o r t h e r o t o r and t h e s t a t o r may be w r i t t e n as
= o
where T~~, T~~ p o i n t on a r o t o r blade; T~~ and t L 2 represent t h e corresponding q u a n t i t i e s a t p o i n t s on a s t a t o r blade. these equations as a r e t h e chordwise slopes o f ' t h e upper and lower surfaces a t a S u b s t i t u t i n g from equation'(3.1) we can w r i t e (3.4) which can be r e w r i t t e n as l h e matrtces K, L, U , V , r l , f2 are d e f i n e d i n t h e Appendix. From equat i o n (3.5) we obtain t h e basic flirnbaum C o e f f i c i e n t s o f t h e i s o l a t e d r o t o r and s t a t o r as : I t i s possible t o c a l c u l a t e t h e aerodynamic parameters o f t h e r o t o r and s t a t o r f l o w f i e l d using t h e basic c o e f f i c i e n t s . and obtain
THE RECURSION PROCEOUHE
The Birnbaum c o e f f i c i e n t s o f t h e i s o l a t e d r o t o r and s t a t o r were determined i n s e c t i o n 3. I t i s p o s s i b l e t o c a l c u l a t e t h e Birnbaum c o e f f i c i e n t s o f t h e r o t o r -s t a t o r combination using a recurrence procedure t o be described i n t h i
d2) = -U;'Mf(') = tU;1MNK;1STU;1r2
Substituting i n t o equation (4.8) we get the revised equation
td4' t ...) = -Md2) (4.11) from which using the same procedure as before we can obtatn
The sequence of Birnbaum coefficients may be written as follows:
.d2) I -KLIS,,$') (4.12) ( 4 . 1 3 ) I t i s observed t h a t the successive terms of the sequence can be generated e a s i l y by using the operators (KI~ST) and ( U V~M N ) repeatedly on the r e s u l t of the previous recursion.
Truncating the Birnbaum s e r i e s a t m = M+, we have (M* t 1) coeffic i e n t s f o r each of the rotor and stator. Considering P* points on each side of a blade, we have 2P* equations to determine the (M* t 1) coefficients of the rotor and s t a t o r . Therefore, we must have 2P* = M* t 1. The matrices and r 2 a r e KL, MN, ST, and Uv a r e of order (2P* X 2P* of order (2P* X 1). i s of order ( 2 P * X 1). 
Each of the vectors
The Birnbaum coefficients may be written a s which c l e a r l y shows t h e coupled nature o f t h e r o t o r -s t a t o r f l o w and t h e correct i o n terms t o t h e respective Birnbaum C o e f f i c i e n t s due t o t h e aerodynamic I n t e r f e r e n c e . The s t r u c t u r e o f t h e matrices K, L, M, and N I s g i v e n i n t h e Appendix i n truncated form along w i t h t h a t o f %' I , @, Q , and %''. Therefore, t h e matrices KL, MN, ST, and Uy along w i t h r l and I'2 are given by t h e p a r t i t i o n e d matrices Too( S a ) 9 Uao( S a ) 9 Vafi(S,)
%'la( Ra) v2=( Ra) 9 W3aCS a , 
and % ' 4 a ( Sa) correspondi n g t o the p o i n t s R a and S a on t h e r o t o r and s t a t o r blade r e s p e c t i v e l y w i t h
Uv a r e p r i m a r i l y aerodynamic i n nature w h i l e t h e matrices r l and r 2 a r e p u r e l y geometric representing t h e blade s e c t i o n and t h e stage c o n f i g u r a t i o n . The i n d i v i d u a l elements o f t h e aerodynamic matrices K, L, M, N, S, T, U, V,
and t h e geometric c o n f i g u r a t i o n matrices %' I , V-2, V-3 and % ' 4 have been defined i n t h e Appendix. On the other hand, the coefficients d , @ pertain to the combined rotor-stator configuration i n w h i c h aerodynamic interference e f f e c t s a r e present. All the flow f i e l d parameters o f i n t e r e s t can be calculated using the Blrnbaum c o e f f icients appropriate t o the configuration considered. Interference i n terms of the axial velocity differences between the two configurations. The perturbation velocity a t any point can be written as the sum of the perturbation velocities of the rotor and s t a t o r . o r = 0 and using equation (4.1) . the perturbation velocity The Interference factor E may be defined a s the r a t i o of the axial component of the combined f i e l d t o the sum of the axial components of the isolated rotor and s t a t o r a t the same point i n the flow. Thus, we write E as 1 4 As expected, from t h i s equation we observe t h a t t h e i n t e r f e r e n c e f a c t o r c = ( r l , e, zl, t l ) i s a p o i n t function which i s p e r i o d i c i n time.
The matrices KL, MN, ST, and From t h e simple recurrence procedure o u t l i n e d above i t i s p o s s i b l e t o o b t a i n t h e Birnbaum c o e f f i c i e n t s o f t h e r o t o r -s t a t o r combination t o any desired approximation. I n the next s e c t i o n we s h a l l o u t l i n e a d i r e c t method f o r calcul a t i n g t h e Birnbaum c o e f f i c i e n t s f o r t h e r o t o r -s t a t o r combinat-ion d i r e c t l y .
THE D I R E C T METHOD I n t h i s section we s h a l l o b t a i n t h e Birnbaum c o e f f i c i e n t s o f t h e r o t o rs t a t o r combination d i r e c t l y by s a t i s f y i n g t h e boundary c o n d i t i o n s on t h e blade surfaces o f t h e r o t o r and t h e s t a t o r simultaneously w i t h o u t r e s o r t i n g t o recursion. For t h i s we r e w r i t e equation (4.4) as
DISCUSSION
I n t h e recurrence scheme g i v e n above, i t i s p o s s i b l e t o I d e n t i f y t h e aerodynamic i n t e r f e r e n c e e f f e c t s c l e a r l y as opposed t o t h e d i r e c t method. theless, t h e d i r e c t method i s a l s o an e f f i c i e n t method f o r determining t h e Birnbaum c o e f f i c i e n t s and thereby the aerodynamic c h a r a c t e r i s t i c s .
methods discussed above enable us t o c a l c u l a t e t h e o v e r a l l aerodynamic performance of t h e stage f o r a given a x i a l and r o t a t i o n a l v e l o c i t y and a stage c o n f i gu r a t i o n . The c a l c u l a t i o n process may be repeated f o r changes i n t h e v e l o c i t y and c o n f i g u r a t i o n parameters. t i o n changes f o r d i f f e r e n t s t a t o r blade angular p o s i t i o n s ips f o r a given r o t o r blade angle ipr. S i m i l a r c a l c u l a t i o n s f o r o t h e r c o n f i g u r a t i o n changes between t h e r o t o r and s t a t o r may a l s o be made. From a knowledge of t h e Birnbaum c o e f f i c i e n t s , i t i s p o s s i b l e t o c a l c u l a t e t h e d i s t r i b u t i o n o f p e r t u rb a t i o n pressure A P r and APS on the upper and lower surface o f t h e blades c o n t a i n i n g t h e t h e aerodynamic i n t e r f e r e n c e e f f e c t s NeverBoth t h e Thus, I t i s p o s s i b l e t o c a l c u l a t e t h e perturba-
We d e f i n e t h e dimensionless a x i a l and t a n g e n t i a l f o r c e c o e f f i c i e n t s C F Z and CFe and t h e power c o e f f i c i e n t Cp as
The a x i a l f o r c e c o e f f i c i e n t s CFRZ and CFSZ per u n i t blade span per blade o f t h e r o t o r and s t a t o r a r e glven by 'hr 9 'hs r t r s r t s t NOMENCLATURE arbitrary constant of integration equation (3.1) free stream speed of sound arbitrary constant of integration equation (3.1) blade chord arbitrary constant o f integration equation (3.1) arbitrary constant of integration equation (3.1) rotor-and s t a t o r 
Abstract
Using t h e l i f t i n g surface theory and t h e a c c e l e r a t i o n p o t e n t i a l method f o r t h e f l o w f i e l d o f an a x i a l turbo-compressor stage, a r e c u r s i v e and a d i r e c t method a r e presented t h a t make use o f t h e e i g e n f u n c t i o n s o l u t i o n s o f -t h e i s o l a t e d r o t o r and s t a t o r t o solve f o r the r o t o r -s t a t o r i n t e r a c t i o n problem. The n e t pressure d i s t r i b u t i o n on the r o t o r and s t a t o r blades i s represented by m o d i f i e d Birnbaum series, whose c o e f f i c i e n t s a r e determined using a m a t r i x procedure and s a t i s f y i n g t h e boundary conditions on the surface o f t h e blades. The r e l a t i o n between t h e m a t r i x operators o f the r e c u r s i v e and t h e d i r e c t methods i s a l s o shown. Expressions have been given f o r t h e blade c i r c u l a t i o n , t h e a x i a l and t a n g e n t i a l f o r c e s on t h e blade, t h e r o t o r power required, and t h e induced upwash v e l o c i t y of t h e stage.
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